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Abstract 
 
The autofrettage process enhances the carrying capacity and fatigue lifetime of pressure vessels by increasing their 

residual stress. A compound cylinder was introduced in order to increase residual stress. An autofrettaged compound 
cylinder can resist a higher pressure than a single cylinder having the same dimension. This residual stress can be 
measured through experimental or calculation processes. In this study, residual stress analysis of an autofrettaged com-
pound cylinder was conducted. The elastic-perfectly plastic and strain hardening models were investigated. The resid-
ual stress distribution of the autofrettaged compound cylinder with shrink fit tolerance was predicted. Shrink fit is a 
very efficient way to extend compressive residual stress. The compressive residual stress of the strain-hardening model 
is smaller than that of the elastic-perfectly plastic model because of the Bauschinger effect. The compressive residual 
stress of the strain hardening model decreased by up to 80% overstrain level.  

 
Keywords: Autofrettage process; Compound cylinder; Elastic-perfectly plastic model; Strain hardening model   
 
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
 

 
1. Introduction 

The autofrettage process is used to enhance the car-
rying capacity and fatigue lifetime of pressure vessels 
by introducing compressive residual stress into them. 
A multi-layered cylinder was proposed by Kapp et al. 
[1] in order to introduce compressive residual stress. 
A multi-layered cylinder manufactured through a 
shrink fit process can withstand higher pressure than a 
single cylinder having the same dimensions.  

Milligan et al. [2] showed the influence of the 
Bauschinger effect, which reduces yield strength as a 
result of prior tensile plastic overload, in high strength 
steel. The compressive residual stress of an autofret-
taged cylinder reduces the nearby inner radius be-

cause of the Bauschinger effect. The Bauschinger 
effect factor is a function of plastic strain, and this 
dependency was formulated by Kendall [3]. 

The autofrettaged model using the elastic-perfectly 
plastic model was proposed by Hill [4]. It is limited in 
accuracy because of the Bauschinger effect and strain 
hardening [5]. However, the strain-hardening model 
considers the Bauschinger effect and strain-hardening 
by using close curve-fitting ability. Therefore, it can 
give more accurate results than the elastic-perfectly 
plastic model. Huang [6, 7] studied the autofrettaged 
single cylinder model using the tensile-compressive 
curve of the material. 

Park et al. [8-10] examined the residual stress of a 
compound cylinder using the elastic-perfectly plastic 
model after the autofrettage process. The residual 
stress of a compound cylinder at the inner radius was 
increased with the overstrain level. Moreover, the 
compressive residual stress of a compound cylinder at 
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the inner radius was increased after the inner radius 
was machined. Lee and coworkers [11] investigated 
the fatigue life of the autofrettaged compound cylin-
der. 

In this study, residual stress analysis of the autofret-
taged compound cylinder was conducted. The elastic-
perfectly plastic and strain hardening models were 
investigated. The residual stress distribution of the 
autofrettaged compound cylinder with shrink fit toler-
ance was predicted. 

 
2 Residual stress of a compound cylinder 

2.1 Material and stress-strain curve 

The single cylinder was made up of AISI 4340, a 
high-strength steel. The residual stresses of the single 
cylinder were calculated through two ways, namely, 
elastic-perfectly plastic analysis and strain hardening 
analysis. The difference between these two lies in the 
simplification of the stress-strain curve that is used to 
calculate residual stress. 

The actual stress-strain curve [11] of AISI 4340 is 
shown in Fig. 1. The general stress-strain curve 
shown in Fig. 2 is divided into four zones: O-A, A-B, 
B-D, and D-E. The O-A and B-D zones are linear 
elastic zones, while the A-B and D-E zones are the 
strain hardening zone. Table 1 shows the mechanical 
properties of AISI 4340. 

 
2.2 Elastic-perfectly plastic analysis 

The elastic-perfectly plastic model uses linearly 
simplified stress-strain curve. The yield strength and 
Young’s modulus of AISI 4340 were only needed to 
calculate residual stress. The Bauschinger effect and 
strain hardening are not reflected in residual stress 
analysis. Therefore, zones B-D and D-E, as shown in 
Fig. 3, are flat and are represented by straight lines 
and yield strength (σ y+) during the unloading phase 
(B-C-E), with the latter being equal to the yield 
strength (σ y-) during the loading phase (O-A-B). 

 
 

Table 1. Mechanical properties of AISI 4340 [11]. 
 

Young’s modulus, E (GPa) 205 
Tensile strength, Uρ  (MPa) 1272 

Elongation, EL (%) 19 
Yield strength, yσ  (MPa) 1180 

Poisson’s ratio, ν 0.29 

 
 
Fig. 1. Stress-strain curve of AISI 4340 [11]. 
  
 

 
 
Fig. 2. General tensile-compressive stress stress-strain curve 
of strain hardening material [11].  

 
 

 
 
Fig. 3. Simplified stress-strain curve of the elastic-perfectly 
plastic model. 
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Material behaves in elastic-perfectly plastic in re-
sidual stress analysis, elastic unloading was supposed 
for calculation. The residual stress of a compound 
cylinder subjected to autofrettage pressure can be 
expressed through the Lame equation. The cross-
section of autofrettaged single cylinder using the elas-
tic-perfectly plastic model is shown in Fig. 4. 

The residual stress of an autofrettaged single cylin-
der is derived using the following equations [12]: 

 
ㆍ Residual stress in the plastic zone (ri≤ r ≤ rc) 
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 (2) 
 
ㆍ Residual stress in the elastic zone (rc≤ r ≤ ro) 
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 (4) 
 

2.3 Strain hardening analysis [11] 

The simplified stress-strain curve of the strain 
hardening model as shown in Fig. 5 is similar to the 
actual stress-strain curve. Therefore, the Bauschinger 
effect and strain hardening can be reflected in residual 
stress analysis using the strain hardening model. The 
cross-section of an autofrettaged single cylinder of the 
strain hardening model is shown in Fig. 6. Here a, c, 

Lρ , Uρ  are the inner radius, outer radius, loading 
zone radius, and unloading zone radius, respectively. 

Many parameters that are needed for calculating re-
sidual stress are obtained through curve fitting. Table 
2 shows the parameters of AISI 4340 that are used for 
calculation. Residual stress was calculated by using 
these parameters. 

ri

ro

rc

r

 
Fig. 4. Cross-section of an autofrettaged single cylinder using 
the elastic-perfectly plastic model. 

 

 
 
Fig. 5. Simplified stress-strain curve of the strain hardening 
model. 

 

 
 
Fig. 6. Cross-section of an autofrettaged single cylinder using 
the strain hardening model. 

Table 2. Calculation parameters of AISI 4340 [11]. 
 

yσ  E (GPa) A1 (MPa) A2 (MPa) B1 Dσ  (MPa) E´ (GPa ) A3 (MPa) A4 (MPa) B2 

1180 205 1165 3384 1.0 1742 178 0.49 3826 0.44 
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2.3.1 Loading stress analysis (σL)  
Loading stress analysis is based on the Cartesian 

coordinate system (ε-O-σ) in Fig. 2. In the loading 
phase, the radius of the elasto-plastic zone is expressed 
as Lρ  in the loading stress zone. Lρ  depends on 
autofrettage pressure . The formulation for calculat-
ing loading stress is expressed below. The calculation 
parameters in Table 2 are used in Eq. (5, 6). 

 
(1) Plastic zone ( a ≤r≤ Lρ ) 
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(2) Elastic zone ( Lρ ≤r≤c) 
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2.3.2 Unloading stress analysis (σU) 
Unloading stress analysis is based on the Cartesian 

coordinate system (ε*-O-σ*) in Fig. 2. In the unload-
ing phase, the radius of the elasto-plastic zone is ex-
pressed as Uρ  in the unloading stress zone. The 
procedure of unloading stress analysis is the same as 
that of loading stress analysis. The formulation for 
calculating loading stress is expressed below. 

 
(1) Plastic zone ( a ≤r≤ Uρ ) 
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Fig. 7. Residual stress distribution of an autofrettaged single 
cylinder with 35.7% overstrain level. 
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(2) Elastic zone ( Uρ ≤r≤c) 
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2.4 Residual stress of a single cylinder using 

30CrNiMo8 [7] 

Huang [7] conducted an autofrettage experiment 
using 30CrNiMo8. A single cylinder was autofret-
taged with 35.7% overstrain level. The autofrettage 
pressure was 740 MPa. The calculations were based 
on the following geometrical properties: a  = 19.3 
mm; c = 43.7 mm; ρU = 28 mm; and ρL = 20.6 mm. 
Table 3 shows the parameters of 30CrNiM8 that were 
used for calculation. Residual stress was calculated by 
using these parameters. 

Fig. 7 shows the tangential residual stress along the 
wall thickness of an autofrettaged single cylinder. 
This single cylinder was autofrettaged with 35.7% 
overstrain level. The maximum compressive residual 

Table 3. Calculation parameters of 30CrNiMo8 [7]. 
 

σy E ( GPa ) A1 (MPa) A2 (MPa) B1 σD (MPa) E´ ( GPa ) A3 (MPa) A4 (MPa) B2 

960.7 207 948.2 9157 1.0 1420 201 -5.0 10850 0.47 

 



 E.-Y. Lee et al. / Journal of Mechanical Science and Technology 23 (2009) 3153~3160 3157 
 

  

stress of the strain-hardening model shows consis-
tency in the experiment. The compressive residual 
stresses at the inner radius and the tensile residual 
stresses at the outer radius decreased with the over-
strain level.  

 
2.5 Residual stress of a compound cylinder using 

AISI 4340 

A compound cylinder as shown in Fig. 8 has been 
proposed in order to achieve very long fatigue life-
times. This compound cylinder was manufactured 
through a shrink fit process. The residual stress distri-
bution of a compound cylinder can change because of 
shrink fit. Therefore, the shrink fit stress needs to be 
reflected in residual stress. The calculations were 
based on the following geometrical properties: a = 
78 mm; b = 117 mm; c = 156 mm; and δ = 0.1 mm. 

 
2.5.1 Shrink fit stress analysis 
The compound cylinder was made through a shrink 

fit process. The inner radius of the outer cylinder may 
be made smaller than the outer radius of the inner 
cylinder. The cylinders are assembled after the outer 
cylinder is heated and the inner cylinder is cooled 
down. The contact pressure ( p ) between the cylin-
ders can be calculated through Eq. (13).  
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2 2 2 2
1 2

1 11/ a b b cp v v
b E b a E c b
δ ⎧ ⎫⎛ ⎞ ⎛ ⎞⎪ ⎪+ +⎟ ⎟⎪ ⎪⎜ ⎜⎟ ⎟= ⋅ − + −⎜ ⎜⎨ ⎬⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎪ ⎪− −⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭

 (13) 

 
In the inner cylinder, the contact pressure acts as an 

external pressure. However, the contact pressure is an 
internal pressure in the outer cylinder. The stress dis-
tribution of cylinders as a result of shrink fit [13] can 
be calculated through Eqs. (14-17). 

 

 
 
Fig. 8. Cross-section of an autofrettaged compound cylinder 
using the strain hardening model. 

(1) Inner cylinder 
 

 
 (14) 

 
 (15) 
 

(2) Outer cylinder 
 

 
 (16) 

 
 (17) 
 
2.5.2 Residual stress analysis 
Residual stress is calculated by using loading 

stress, unloading stress, and shrink fit stress, 
A L U Sσ σ σ σ= − + . 
When the plastic zone is in the inner cylinder 

( La bρ< < ), residual stress is expressed by Eqs. (18-
21). 

 
(1) Residual stress of the unloading stress zone 

( Ua r ρ< < ) 
 

1 1 1A L U S
r r r rσ σ σ σ= − + , 1 1 1A L U S

θ θ θ θσ σ σ σ= − +   
                            (18) 
 

(2) Residual stress of the loading stress zone 
( U Lrρ ρ< < ) 

 
1 2 1A L U S

r r r rσ σ σ σ= − + , 1 2 1A L U S
θ θ θ θσ σ σ σ= − +  

                             (19) 
 

(3) Residual stress of the elastic zone in the inner 
cylinder ( L r bρ < < ) 

 
2 2 1A L U S

r r r rσ σ σ σ= − + , 2 2 1A L U S
θ θ θ θσ σ σ σ= − +  

                                   (20) 
 

(4) Residual stress of the elastic zone in the outer 
cylinder ( b r c< < ) 
 

2 2 2A L U S
r r r rσ σ σ σ= − + , 2 2 2A L U S

θ θ θ θσ σ σ σ= − +   
                                    (21) 
 
When the plastic zone is in the outer cylinder 
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( Lb cρ< < ), residual stress is expressed by Eqs. (22-
25). 

 
(5) Residual stress of the unloading stress zone 

( Ua r ρ< < ) 
 

1 1 1A L U S
r r r rσ σ σ σ= − + , 1 1 1A L U S

θ θ θ θσ σ σ σ= − +   
                                         (22) 
 

(6) Residual stress of the loading stress zone 
( U r bρ < < ) 

 
1 2 1A L U S

r r r rσ σ σ σ= − + , 1 2 1A L U S
θ θ θ θσ σ σ σ= − +   

                                          (23) 

(7) Residual stress of the loading stress zone in the 
inner cylinder ( Lb r ρ< < ) 

 
1 2 2A L U S

r r r rσ σ σ σ= − + , 1 2 2A L U S
θ θ θ θσ σ σ σ= − +   

                                          (24) 
 

(8) Residual stress of the elastic zone in the outer 

cylinder ( L r cρ < < ) 
 

2 2 2A L U S
r r r rσ σ σ σ= − + , 2 2 2A L U S

θ θ θ θσ σ σ σ= − +   
                                          (25) 
 

3. Results and discussion 

The tangential residual stress of an autofrettaged 
compound cylinder with various overstrain levels is 
shown in Fig. 9. The residual stress of an autofret-
taged compound cylinder with 0.1 mm shrink fit tol-
erance was predicted. 

From the study, it is found that the residual stress 
distribution of the strain-hardening model is similar to 
that of the elastic-perfectly plastic model, except in 
the compressive residual stress near the inner radius. 
This is because the compressive residual stresses near 
the inner radius decreased with the overstrain level. 
The compressive residual stress of the strain-
hardening model is smaller than that of the elastic-
perfectly plastic model because of the Bauschinger 
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                         (a) 20 % overstrain level                               (b) 40 % overstrain level 
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                  (c) 60 % overstrain level                               (d) 80 % overstrain level 
 
Fig. 9. Residual stress distribution of an autofrettaged compound cylinder with 0.1 mm shrink fit tolerance under various over-
strain levels. 
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effect. That of the strain hardening model decreased 
by up to 80% overstrain level. The unloading stress 
zone increased, and reverse yielding occurred. 

The differences in compressive residual stress be-
tween the two models increased with the overstrain 
level for the autofrettaged single cylinder. The rapid 
increase in tangential stress at the middle range was 
induced by shrink fit interaction. The shrink fit toler-
ance caused a compressive residual stress in the inner 
cylinder and a tensile residual stress in the outer cyl-
inder. The shrink fit process is a very efficient way to 
increase compressive residual stress. If the tensile and 
compressive residual stresses will be increased at the 
same time, too much tolerance will be harmful to the 
autofrettaged cylinder. 
 

4. Conclusions 

In this study, the result of the residual stress analy-
sis for a compound cylinder under various overstrain 
levels is presented. The major conclusions are as fol-
lows: 
(1) The compressive residual stress of the strain-

hardening model is smaller than that of the elastic-
perfectly plastic model because of the Bausch-
inger effect. 

(2) The compressive residual stress of the strain hard-
ening model decreased by up to 80% overstrain 
level. The unloading stress zone increased, and 
reverse yielding occurred. 

(3) The compressive residual stress in the autofrettage 
experiment of a single cylinder at the inner radius 
has good agreement with that in strain hardening 
analysis. This shows that strain hardening analysis 
adopts a close curve-fitted stress-strain curve, 
which can result in better simulation of the real 
stress–strain relationship than the elastic–perfectly 
plastic model. 

(4) The shrink fit process is a very efficient way to 
extend compressive residual stress. 
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